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The kinetics of simultaneous, noncatalytic solid-gas reaction systems has been analyzed in 
terms of the selectivity and effectiveness factor, based on the unreacted core shrinking model. 
The reaction systems discussed include the first-order independent, parallel, and consecutive 
reactions with the simultaneous influences of heat and mass transfer. The effects of various 
chemical and transport properties on the stability, selectivity, and effectiveness factor of the 
system ore discussed. The pseudosteady state opproximation is employed to reduce the mathe- 
matical difficulties. 

Noncatalytic solid-fluid reactions, which include solid- 
liquid and solid-gas systems, are of great industrial im- 
portance and their examples are readily found in many 
chemical and metallurgical industries. A large number of 
examples involving a single-fluid reactant have been 
discussed (1, 4 to 12, 14 to 16, 18, 21 to 2 3 ) .  However 
in many industrial operations, more than one reaction can 
take place simultaneously, either because the feed con- 
tains multiple-fluid reactants or because the products are 
reactive with the solid. One of the examples for the 
simultaneous solid-gas reaction is the fluorination of ura- 
nium compounds. 

The treatment involving simultaneous multiple reactions 
is much more complicated than that for a single reaction 
due to the interaction among the rates of chemical reac- 
tions and the rate of mass and energy transport. The 
simultaneous isothermal reactions were discussed in a 
previous paper ( 2 0 )  in which the heat effect was not con- 
sidered. 

Since solid-gas reactions are either exothermic or endo- 
thermic, an appreciable temperature gradient could exist 
within the particle. The analysis of the behavior of such 
a system becomes very complicated, since now not only 
the reactant concentration but also the rate constants, 
which are generally exponentially dependent on tempera- 
ture, will be a function of the position within the particle. 

This paper is concerned with the solutions of nonlinear 
equations relating simultaneous mass and heat transfer in 
an unreacted core shrinking particle under the pseudo- 
steady state approximation. Specifically, the selectivity and 
effectiveness factor in relation to the particle and fluid 
properties and reaction conditions are developed. 

M A T H E M A T I C A L  MODEL FOR T H E  NONISOTHERMAL 
S IMULTANEOUS SOLID-GAS REACTIONS 

A surface reaction of solid-gas systems can be viewed 
as consisting of the following steps: diffusion of the fluid 
reactants across the fluid film surrounding the solid and 
then through the porous solid layer; adsorption of the 
fluid reactants at the solid reactant surface; reaction with 
the solid surface; and desorption and diffusion of the fluid 
products away from the reaction surface through the 
porous solid and finally across the fluid film. Since these 
steps occur in series, if any one step is much slower than 
all the others, that step alone will be the rate controlling. 
However, the solid-fluid reactions are in general influenced 
simultaneously by more than one step; the single-step 
rate-controlling processes are the limiting cases. 

Owing to the complexity of the problems involved, a 
rigorous treatment seems unattainable even for the solid 

with the simplest geometry. Besides, in practice many 
problems exist such as changing size and shape of the 
solid during reaction and the formation of a product layer 
around the solid reactant which may crack or ablate. Also 
there is a problem of mass and energy transfer to and 
from the solid across the surrounding fluid. Therefore it 
is imperative that a relatively simple mathematical model 
be employed for the noncatalytic nonisothermal simultane- 
ous reactions between solids and gases. 

The unreacted-core-shrinking model (1 8,22) for des- 
cribing a noncatalytic heterogeneous gas-solid reaction 
system is applicable if the solid reactant is impervious to 
the gas reactant and the reactions start from the outer 
surface of the solid particle. The reaction surface moves 
toward the interior of the solid, leaving behind a layer of 
solid product and/or inert solid (ash layer). During the 
process, the moving reaction surface forms an unreacted 
core which shrinks in radius with time. It is further as- 
sumed that the particle retains its original size and shape 
without deformation of the inert layer which has formed. 

In simultaneous reactions, since more than two com- 
ponents are involved, it is convenient to define an effective 
diffusivity Dei for component i in a mixture. The flux of i 
component is ( 2 )  

n 

j = 1  

For the case with equimolar counterdiffusion, we have 

N j  = 0. For systems containing a large amount of 

inert gas, that is, with very dilute reactant gas concen- 
tration, the second term on the right-hand side of Equation 
( 1 )  is negligibly small compared to the first term. Under 
such situations Equation (1) reduces to 

j = 1  

Ni = - CDei V X ~  i2)  
The mass balance for a species i in the ash layer for the 

multicomponent system is given by 

(3)  

From Equations ( 2 )  and (3 ) ,  the material balance 
equation for component i takes the form 

aci 
at  

E - = v * (CD,iVXi) (4) 

For a spherical particle in r direction of transfer only, 
Equation (4)  becomes 
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( 5 )  

The total concentration C is proportional to 1/T if the 
ideal gas law holds and the total pressure is constant. Since 
the effective diffusivity D,i is considered to be proportional 
to T1.5-2 in the molecular diffusion regime, and to 
in Knudsen diffusion regime, for convenience Dei is taken 
to be proportional to T1.O for the overall diffusion regime. 
Thus the product CDei is independent of temperature, 
and Equation ( 5 )  becomes 

(6) 
aCi - CDei a 

c---- 
at P ar 

Now, consider the following three types of simultaneous 
reactions : 

I. Independent reactions For consecutive reactions 

11. Parallel reactions 

111. Consecutive reactions 

k, 

The material balance equations in the ash layer for these - eel 
systems are given by Equation (6) with z - = 0 under 

at 
pseudosteady state. The dimensionless forms of the mass 
and heat balance and their boundary conditions can be 
expressed as 

Mass balance: 

Boundary condition at 4 = 1: 

I 6=1 

Boundary condition at 5 = tC is dependent on the type 
of reactions. 

For independent reactions 

Notice that in the previous equations the relations 
( C D d  T~ = ( CDei) TO and ( C ) T ~ / ( ~ ) T O  = To/Tc are used. 

Heat balance: 

d W  2 dU -+--- - 0  E c < 1 ' < 1  (15) d-P 4 4  
Boundary condition at 4 = 1: 

dU 
= ( N N u ) P  (us - 1) (16) -- I *=1 

Boundary condition at 4' = 5, is dependent on the type of 
reactions. 

For independent reactions 

For parallel reactions 

d-.i = (:){ +leXp [&( 1 - 3 1  
E=SC 

d5 
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i = A when i = 1 

For consecutive reactions i =  B when j = 2  

-+-- uc - - 
I c  ( N N ~ ) P  I 

1 1 -+-- 1 
t c  ( N N ~ ) P  

(21) U =  

exp [ .!!.& ( 1 - &)] (19) Where for fixed tc, U, is the root of the following 
equation : 

i31 

11. Parallel reactions 

U is the same as in Equation (21) but U, is the root of 
the following equation: 

In order to obtain the concentration and temperature 
profiles, the material and heat balance equations are 

mation. The solutions for the three types of reactions are 

RTo - (Uc - 1)  
El 
1 1 

l c  ( N N J P  

solved simultaneously under pseudosteady state approxi- 

t c 2  (-+--1) 

shown as 
I. Independent reactions 

Page 274 AlChE Journal March, 1971 



111. Consecutive reactions 

where 
Ei 1 

v = - (  RTo 1---) 

Temperature profile U is the same as in Equation (21) 
but U ,  is the root of the following equation: 

1 1 
5, (NN~JP 

&"( -+-- 1 )  

where 

SELECTIVITY AND EFFECTIVENESS FACTOR 
OF THE NONISOTHERMAL SOLID-GAS REACTIONS 

The selectivity defined here is the same as that for the 
isothermal case (20) ,  and is the ratio of the flux of the 
desired product to that of the undesired product at the 
surface of solid particle, or the ratio of the reaction rate 
of the desired product to that of the undesired product 
at the reaction surface. 

surface of 
solid particle 

reaction rate of component i at reacting surface rc 
reaction rate of component q at reacting surface r, 

where species i is desired and q is undesired product. 

(30) - - 

For independent reactions 

For parallel reactions 

kiO EI 1 
sBF =. (+)( =) exp [ -- ( 2 - I)] 

The left- and right-hand sides of Equations ( 2 2 ) ,  (24), 
and (27) represent dimensionless heat loss and heat gen- 
eration per unit area of reaction surface, respectively. RTo uc 

(32) 
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For consecutive reactions 

(+-1)]-+ (33) 
JJl I 

where WAC and OBC are given by Equations (28) and (29) ,  

(7, 8, 18), the effectiveness factor for component i is de- 
fined here as 

(34) 
actual reaction rate of component i 
reaction rate of component i ob- 
tainable at the fluid concentration 
and temperature of the bulk phase 

7)i = 

respectively. 
Similar to the effectiveness factor for the single reaction Independent reactions 

1 

Parallel reactions 

where 
Et 1 

v=- (1-) 
RTO 

Consecutive reactions 
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q F =  ( F ) e x P  [&($)(I--&)] (42) 

where WAC and OBC are given by Equations (28) and (29). 

DISCUSSION 

The problem of heterogeneous solid-fluid chemical re- 
actions accompanying a moving boundary of reaction 
surface has been treated by means of the pseudosteady 
state approximation to reduce the mathematical difficulties 
in solving the differential equations. This approximation 
for material balance is a good one for most of the solid- 
gas reaction systems except for those with extremely high 
pressure and very low solid reactant concentration (3 ,13,  
1 8 ) .  For heat balance Wen ( 1 8 )  discussed the accuracy 
of the pseudosteady state approximation, indicating that it 
may not be a good one for solid-gas reaction systems under 
certain conditions, such as during the shifting of rate- 
controlling regimes and during the initial period of re- 
action when heat capacity of the solid and temperature 
gradient in the particles are large. However, even for the 
heat balance, pseudosteady state approximation is still 
a valuable and valid assumption for most cases. This is 
because the temperature gradient between reaction sur- 
face and the ambient condition is rather small when chemi- 
cal reaction is the rate-controlling step; and the tempera- 
ture at the reacting surface is nearly a constant when dif- 
fusion is the rate-controlling step. Under these conditions, 
accumulation term in heat balance equation becomes negli- 
gibly small. The discussion on steady state and unsteady 
state solutions for solid-gas reaction is presented else- 
where ( 1 9 ) .  

The parameters appearing in the selectivity and effec- 
tiveness factor expressions are RTo/E1, EZ/E1, kzo/klO, 

and the stoichiometic coefficient ratios. To find the effect 
of the individual parameters on the effectiveness factor 
and selectivity is time-consuming and unnecessary. In 
this paper the appropriate values for the important param- 
eters are selected and their effects discussed. 

The values of U ,  solved from Equations (22), (24), 
and (27) at a fixed value of tC are the dimensionless tem- 
peratures of reaction surface at which the rate of heat 
generation equals that of heat loss. The radiational heat 
loss from the surface of the particle, which is proportional 
to the fourth power of particle surface temperature, makes 
it impossible to obtain an analytical solution. Therefore an 
overall heat transfer coefficient hp is used which combines 
both the convective and linearized radiative heat transfer 
contributions, 

Figure 1 shows the relationship between the net heat 
generation and heat loss curves for independent, parallel, 
and consecutive reactions, respectively. The ordinate of 
Figure 1 represents the dimensionless heat generation and 
heat loss per particle for the three types of reactions con- 
sidered. The shapes of the heat generation curves depend 
on the type of reactions and the values of the parameters. 
The values of parameters selected are shown on the figure 
with the stoichiometric coefficient ratios of unity. The 
positive value of 81 and the negative value of (AH2)/(AH1) 
mean that the first reaction is exothermic, while the second 
is endothermic. The selected values of E2/E1 and kzo/k10 
are such that the rate of the first reaction is four times 

CBO/CAO, ( N N ~ ) P ,  h'shi, D , B / D ~ A ,  ( A H z ) / ( M 1 ) ,  41, 81, 

faster than that of the second reaction at all times. Under 
such conditions, the heat released from the first reaction 
is more than the heat absorbed by the second reaction for 
the cases of independent and parallel reactions. For con- 
secutive reactions, however, the net heat generation 
reaches a maximum and then approaches zero as Tc/To 
becomes higher, apparently due to the competing processes 
of the production of product gas B by the first reaction 
and the consumption of this gas as a reactant in the 
second reaction. 

0.1 

T ~ / T ~  

R T o / E 1 = 0 0 4 ,  E z / E I : I O .  h 5 / Y = O 2 5 ,  D e / D e ~ ' i O ,  C g o / C g o = I O ,  N a , -  100 

IAHz)/(AH, 1;-05, ( N N ~ ) ~ - I O ,  $ 1 ( ~ ~ ) = 0 1 3 9 ,  41:0.02 

Fig. 1. Relation of heot generation and heot loss during course of 
reactions for three types of simultaneous reactions. 

I 
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\ 
\ 

20 h\ 

@,= 0.02 
Porometar ( A H~)/(A HI I Porometar ( A H~)/(A HI I 

I '  I I I I 

0.0 0.2 0.4 0.6 0.8 1.0 
I I 

X 
Fig. 2. Effect of (AHz) / (AHi )  on VA for consecutive reactions. 
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Figure 2 indicates the effect of (AH2)/(AH1) on ?A for 
consecutive reactions with other parameters kept the same 
as in Figure 1. Ignition (8) occurs at points A and B 
when (AH2)/(AH1) are 0.5 and 0, respectively. Since 81 
is positive, the first reaction is exothermic; the values of 
(AHz)/(hHl) of 0.5, 0, and -0.5 then indicate the 
second reaction to be exothermic, isothermal, and endo- 
thermic, respectively. The increasing endothermicity in 
that order increases the possibility for extinction to occur, 
as evidenced by point C when ( A H 2 ) / ( m l )  = -0.5. 

Figure 3 shows the effect of RTo/El in ?A for indepen- 
dent reactions, with (AH2)/(hH1) = -0.5. Other param- 
eters are kept the same as in Figure 2. For RTo/EI 
= 0.038, three stable regions, including one metastable, 
exist (8) before solid conversion of 95% is reached where 
an extinction point exists. If the initial rate is in diffusion- 
controlling region, it would shift to chemical reaction- 
controlling region at this extinction point, while chemical 
reaction would control through the entire range of con- 
version when the initial rate is in chemical reaction- 
controlled regime. As the value of RTo/E1 is increased 
to 0.04, the extinction point shifts toward complete con- 
version. For higher values of RTo/El, only the diffusion- 
controlling region exists and the effectiveness factors be- 
come very low as conversion increases. 

Figures 4 to 8 show the effects of 81 on the effectiveness 
factor and selectivity. As can be seen from the definition, 

is determined by two properties of solid, D,i and k,, 
and by chemical reaction parameters Ej, Cia, and AHj. The 
magnitude of 81 encountered in various reaction systems 
has been discussed by Weisz and Hicks ( 1 7 ) ,  where To 
was used instead of EdR. In this paper the values of p1 
are selected as 0.02, 0.015, 0.01, 0.005, and 0, where 

I \  ’ I I I I I I I 

1000 INDEPENDENT REACTIONS 
E ~ / E ,  =LO , k;/k: 20.25, D ~ / D ~ ~  = 1.0 A\.. C A0 = 1.0 , Nsi-100, (NNu)p- I0 

( A H ~ I / I A H , )  =-0.5, $1=0.139 500 

81 = 0.02 
Parameter a TO / E I I \  \ 

200 - 
\ 

100- 

’IA 
50 - 

R 

0.045 

2 I L b T y  0.05 

0.038 

‘0.0 0.1 0.3 0.5 0 7 0.9 
X 

Fig. 3. Effect of 2 To/€l on for independent reactions. 

300C, -, I , ,  I I I $ 1  

zoo-\ ‘\ INDEPENDENT REACTIONS - 
DeB/DeA=I.0 , k $ / k f  =0.25 - 

S T o /  E i  z0.04 , E ~ / E I  = 1.0 

0. I I I 1  I I 1  I 

0.03 0.1 0.3 05 1.0 3.0 5.0 10 30 

Fig. 4. Effect of j31 on q A  and T ~ B  for independent reactions. 
$ 1  (To ) 

81 = 0 at a finite value of ( AHz) / (AH1) corresponds to 
isothermal situation. The values of 8 2  depend on 81, 

( H 2 )  /(AH,), E ~ / E I ,  D e B / D e A  (in parallel reactions 
DeA/DeA = 1) .  Because the value of (AHz)/(AHl) selec- 
ted for these figures is -0.5, 8 2  is negative for all positive 
values of 81, meaning that the second reactions are endo- 
theimic. 

Figures 4 and 5 show the effect of 81 on ?A and r)B and 
selectivity, respectively, for independent reactions under 
the same conditions at X = 0.5. The parameters other 
than 81 and $1 are the same as in Figure 1. From the 
selectivity equation for independent reactions, it can be 
shown that when 41 is very low, that, is, when chemical 
reaction is controlling, the selectivity reduces to 

aCAokicT,) 
SAB = 

bCBOk2(T,) 

which is equal to 4 in this case. On the other hand when 
41 is very high, namely, the rate is diffusion controlled, the 
selectivity becomes 

which is 1 in this case. These limiting values are seen 
clearly in Figure 5. It can also be seen that at the same 
controlling region and the same 41, higher value of 81 
gives higher effectiveness factors and lower selectivity. 

Figures 6 and 7 for consecutive reactions correspond, 
respectively, to Figures 4 and 5, except that now 
C~o/Cao = 0.01. At some stage during the reaction, the 
desired product B may be consumed by the second reaction 
at a rate faster than it is produced by the first reaction, 
causing gas B to diffuse in an undesirable inward direction 
and hence negative selectivity ( 2 0 ) .  This situation can be 
prevented by keeping the bulk phase concentration of 
B, CBO very low. This explains why CBO/CAO = 0.01 is 
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INDEPENDENT REACTIONS 
x T o / E 1 = 0 0 4 ,  E ~ / E I  = I 0  
OeB/DeA=l.O, k.2/117 '025 
Ceo/Cno=l.O, X ~ 0 . 5  

N%i- 100 I 

Parameter 8 ,  

 AH^ )/(AH, ) = - 0.3 
( "Jp- 10 

$1 (To) 

Fig. 5. Effect of /I1 on selectivity for independent reactions. 

chosen for the consecutive reactions. From the selectivity 
equation for consecutive reactions, it can be shown that 
when 41 is very small, SBF approaches 

which is equal to 399 in this case. On the other hand, 
when 41 is very large, SBF approaches 

for parallel reactions. The parameters selected are the 
same as in Figure 4. The curves of T)A versus 41 plot re- 
semble those for the independent and consecutive reac- 
tions. The selectivity for parallel reactions, in which the 
gaseous reactants in both the first and second reactions are 
of the same species, is dependent on the ratio of the re- 
action rate constants and the ratio of stoichiometric co- 
efficients. The parameter values selected for Figure 8 are 
Ez = El ,  b / f  = 1 and klO/kzO = 4. Hence, the selectivity 
SBF becomes constant and equals 4. 

CONCLUSION 

In the solid-gas reactions when the chemical reaction is 
accompanied by a heat effect, not only the concentration 
gradient, but also appreciable temperature gradient, can 
exist within the solid particle. Therefore the effect of heats 
of reaction on the reaction rate cannot be neglected. 

The thermal instability and abrupt transition of the 
rate-controlling factor may all happen during the entire 
stage of reactions, depending on the parameters selected. 
Using the concept of effectiveness factor, these instabili- 
ties can easily be located, as in the case of single reaction 
( 8 ) .  

which is equal to -0.0099 for the selected parameters. As 
can be seen from Figure 7, when 41 increases, S B F  be- 
comes smaller and smaller and will become negative for 
high 41. Figures 6 and 7 also indicate that, as in the case 
of independent reactions, at the same value of +1, higher 
value of 81 gives higher effectiveness factor and lower 
selectivity. 

Figure 8 shows the effect of 81 on effectiveness factor 

?A 
or 

7s 

0.03 0.05 0.1 0.2 0.5 1.0 2.0 5.0 

'IUo) 
Fig. 6. Effect of pi on VA and 7 j ~  for consecutive reactions. 

The selectivity for different types of simultaneous re- 
actions depend on the values of the parameters. In gen- 
eral, small 81 gives high selectivity at a fixed value of 41. 

For independent reactions, when 41 is small, the selectivity 

0 3 -  

$!(To ) 

Fig. 7. Effect of j31 on SBF for consecutive reactions. 
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I , I I I I 1 1 

i PARALLEL REACTIONS 
S! T./E, = 0.04 , E ~ / E ,  = 1.0 

I I 
03’ O b 5  0 1 1  Of2 0.5 1.0 2 0 5 0  

Fig. 8. Effect of on for parallel reactions. 
O I f T o )  

depends greatly on the ratio of the rate constants; for 
large dl the selectivity depends considerably on the ratio 
of the effective diffusivities. For parallel reactions the 
selectivity depends only on the ratio of the rate constants 
at all values of $1 because both reactions 1 and 2 are of 
the first order with respect to the gaseous reactant A. For 
consecutive reactions, negative values of selectivity could 
result due to the reversal in the direction of diffusion of 
the desired product B .  This phenomenon is particularly 
significant when d1 and Ceo/CAo are both large. 
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NOTATION 

a, al, a2, b, = stoichiometric coefficients for components A, 
bl, b2, e,  f 
C = total concentration of gases, mole/LJ 
Ci, Cia, Cis = concentration of gas component i, where 

i = A, B ,  E,  and F .  0 refers to the bulk phase, s 
refers to the outer surface of the particle, mole/L3 

B, E, and F ,  respectively 

initial concentration of solid reactant, mole/L3 
effective diffusivity of component, i, L2/0 
activation energy of reaction rate constant for jth 
reaction where j = 1,2, H/mole 
overall convective and linearized radiative heat 
transfer coefficient, H/L20T 
heat of reaction per mole of reactant for ith reac- 
tion, H/mole 
stoichiometric coefficient for component i 
effective thermal conductivity of ash layer, H/LOT 
mass transfer coefficient for component i across 
gas film, L i e  
frequency factor for ith reaction based on surface 
area, L4/mole 8 
reaction rate constant for jth reaction at To based 
on surface area, L4/mole 6 
molar flux for component i relative to fixed co- 
ordinates, mole/L28 
= modified Nussel number (= Rhp/k,) 

Nshi = Sherwood number for component i (= k,iR/D,i) 
r 
r, 
R = particleradius, L 
R 
Si, 
T ,  T,, To, T ,  = temperature 0 refers to bulk gas phase, c 

refers to unreacted core surface, s refers to outer 

= distance from center of sphere, L 
= radius of unreacted core, L 

= gas constant, H/mole T 
= selectivity for component i over q 

surface of the particle T 
U = T/To 
Uc = Tc/To 
U s  = TJTo 
xi = mole fraction of component 

phase, xi, at  outer surface of 
reacted core surface 

= conversion of solid reactant S X 

Greek Letters 

i, xi0 in bulk gas 
particle, xic at un- 

C ~ O D ~ ~ ( T ~ )  ( -aHj)R/keEj, where subscripts i and 
i denote gaseous reactant i of the ith reaction 
porosity of ash layer 
effectiveness factor for component i 
r / R  
rc/ R 
ZiRkj(To)Cso/DeicTo, modified Thiele modulus, 
where Ii is stoichiometric coefficient of gaseous 
reactant i, and subscripts i and i denote gaseous 
reactant i of the Fh reaction 
Xi/XiO 

xic/xio 
X i J X i O  
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